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ON THE NUMBER OF RADIALLY SYMMETRIC
SOLUTIONS TO DIRICHLET PROBLEMS WITH
JUMPING NONLINEARITIES OF SUPERLINEAR ORDER

ALFONSO CASTRO AND HENDRIK J. KUIPER

ABSTRACT. This paper is concerned with the multiplicity of radially symmetric
solutions u(z) to the Dirichlet problem
Au+ f(u) = h(z) + cp(z)

on the unit ball Q C RY with boundary condition u = 0 on Q. Here ¢(x) is
a positive function and f(u) is a function that is superlinear (but of subcritical
growth) for large positive u, while for large negative u we have that f/(u) < u,
where p is the smallest positive eigenvalue for Ay + pup = 0 in Q with v =0
on 0. It is shown that, given any integer k > 0, the value ¢ may be chosen
so large that there are 2k + 1 solutions with k or less interior nodes. Existence
of positive solutions is excluded for large enough values of c.

1. INTRODUCTION

Let A denote the Laplacian operator on Q C RY with Dirichlet boundary con-
ditions (i.e., Dom(A) = H}(Q) C L?(f)), and consider the semilinear Dirichlet
problem

Au+ f(u) = h(z) +céi(2) in O,

where f/(—00) := limy,—_co f/(u) < f/(00) := limy—oo f/(u) and ¢ is a positive
function. Motivated by the well-known result of Ambrosetti and Prodi [1], there has
been a great deal of work devoted to understanding the relationship between the
number of solutions to this problem and the number of eigenvalues of —A that lie
in the interval (f’(—o0), f’(c0)). A history of the problem as well as a substantial
bibliography may be found in the review article by Lazer and McKenna [5]. In
that article the authors pose several open problems. One of these is whether the
problem with f'(—o00) < A1 < f’(00) = 00, A1 the principal eigenvalue of —A, can
have arbitrarily many solutions provided c is chosen sufficiently high. This question
was partially answered in [3], where the authors investigated the problem on the
unit ball with h(xz) = h(|z|). It was shown that there do indeed exist arbitrarily
many (radially symmetric) solutions provided c is chosen sufficiently high. The
solutions that were found are negative at the origin. In the present paper we will
show that there exist two such arbitrarily large families of solutions, the other
consisting of solutions that are positive at the origin. The existence of two such
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families of solutions in case —oco < f/(—o0) < f'(00) < oo was shown in [2]. Our
result applies to somewhat more general situations than those treated in [3], and
the proof is based on the study of asymptotic behavior, on estimates gathered
through the use of two energy functions, and the shooting method. The solutions
with u(0) < 0 are obtained by shooting solutions from |z| = 1, while those with
u(0) > 0 are obtained by matching solutions obtained by shooting from |z| = 1
with solutions obtained by shooting from the origin.

2. THE MAIN RESULT

Let un be the principal eigenvalue for
—AY(x) = wp(x), xeRY, |ul <1,
Y(x)=0 ifr=lz|=1,
where N > 2. It is not difficult to see that r'="/2Jy 5 ;(/aNT) is a principal
eigenfunction, so that \/uy is the location of the first positive root of Jy/o_1. We
will be concerned with the radially symmetric solutions to the Dirichlet problem
(DE) —Au(z) = f(u(x)) = Co(j) + P(|al, u(z)), =eRY, | <1,
(BC) u(z) =0 if |z] =1,
where C is a positive constant, f is superlinear at co while limsup,, , . f(u) < pn.
It will be shown that by choosing C sufficiently large we can ensure the existence

of an arbitrarily large number of solutions with prescribed nodal properties (with
the possible exception of positive solutions). We impose the following restrictions:

1. Hy. ¢,% and v, are bounded and continuous, ¢(r) > 0 on [0, 1], and
lim 1), = 0.

2. Hy. feCY(R) and lim, .o f'(u) = co.

3. Hz. If N =2 we assume

liminf/ f(o)do/(sf(s)) > 0.
0

§— 00

4. If N > 2 we assume 22-G(7) > g(7) on 0 < 7 < 1 with strict inequality on
a set of positive measure, where

6(r) = [ gloydo,  glr) = tmint firan)/ o),

and

g(r) = limsup f(rM)/f(M).

M—o0
5. Hy. limsup, . . f'(u) < py and limsup, . f(u) < co.
Our main result is:
Theorem. Suppose Hy — Hy are satisfied and K is any nonnegative integer. There
exists a constant C'g > 0 such that whenever C' > Ck then
(i) For each integer 0 < k < K problem (DE) + (BC) has a radially symmet-

ric solution u\™) with u,(g_)(()) < 0 and such that u,(c_) has precisely k nodal
surfaces in Q= {x € RN : |z| < 1}.
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(ii) For each integer 1 < k < K problem (DE) + (BC) has a radially symmetric
solution ul(:) with u,(:r)(O) > 0 and such that u,(:r) has k nodal surfaces in €.

(iii) Problem (DE)+ (BC) has no positive solution if C is sufficiently high.
3. OTHER FORMS OF THE PROBLEM

It is easy to see that we may write f(u) = Cf + f(u) + fo(u), where C; is any
constant greater than limsup,_,_ . f (u), fo is a C* function of compact support,
and f is a C! function satisfying f(0) = 0, f(u)u > 0 for all u # 0, f'(u) > 0 for
u>0, f/(u) < pn for all u < 0. Let (1) := @(r)/||#]], where || || denotes the sup
norm on [0,1]. Also let d = ming<,<; ¢(r) and define 1(r,n) = 1(r,n) + fo(u) +
Cy + Cop(r), where Cy is chosen large enough so that ¢(r,u) > 0. Finally, let us
choose C' large enough so that C'+ Cy = f(B) for some B > 0. Then (BC)+(DE)
may be rewritten as

) W) = =" 4 FB)(r) — i) — Fu),
(2) v’ (0) =0, u(1) =0,

where n = N — 1, and hypotheses H;~H, may be rewritten as

Hi: ¢ is continuous on [0,1], and 0 < d < ¢(r) < 1 for all r € [0,1], where d is
a constant. ¢ and v, are bounded continuous on [0, 1] x R, ¥ (r,u) > 0, and
limy,—— oo Yo (r,u) = 0.

Hy: f € CYR), f(0)=0, f(u) >0 and f'(u) >0 for all uw >0, and

lim f'(u) = oco.

Hs: If N = 2 we assume liminf, . [; f(0)do/(sf(s)) > 0. If N > 2, g(r) :=
limsupy, o, f(TM)/f(M), g(7) := liminfar .o f(TM)/f(M), and G(7) :=
s 9(0)do, then

2260 2 gy on (0,1]

with strict inequality on a set of positive measure.
Hy: For u <0 we have f(u) <0 and f'(u) < pn.

Remark 1. g and g must be bounded and nondecreasing on (0, 1]. If, for example,
fw)/uP — cst as u — oo then g(7) = g(7) = 7P. Here, and in the future, we use
cst to denote a generic positive constant.

On occasion it will be convenient to change variables and map (0, 1] onto [1, c0)
and transform (1) into an equation that is somewhat similar to an Emden-Fowler
equation. If n > 1 we set s = r'=" and U(s) = u(r), so that (1) becomes

(3n)

U"(s) = (n = 1) 722D [F(B)g(s™ V" 7V) —yp(s7 V0D U (s)) = F(U(s)).
Ifn=1weset s=—Inr and U(s) = u(r), and (1) becomes
(31) U"(s) = e > [f(B)¢(e™*) — v(e™*, U(s)) = f(U(s))].

By integrating (1) twice we may also transform it into an integral equation:

(4n)

[ ot o/ ) - FB)60) + b ulo))] do
0
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ifn>2

(41)  u(r) =u(0) - /OT oln(r/o)[f(u(o)) = f(B)e(o) — ¢(o,u(0))] do.
if n=1, or

Definitions. We define F(u) := [ f(0)do, Gpr(u) := F(u) — kf(B)u, kg =
F(B)/(Bf(B)), £(r) = &u (7”) = qu/(r ) +F( (r)) and E(r) = Eyu(r) := €(r) —
f(B)u(r).

Lemma 1. (i) If N > 2, then Hs implies that for each 0 < € < 1 there is a number
ce > 0 such that

2n + 2
n—1

(I1—-¢€)af(o) < F(o) Yo > ce.

(ii) g is positive on [0,1], and for each 0 < § < 1 and each 0 < ¢ < g(6) there
exists a constant Mc > 0 such that f(6M)/f(M) > g(6) — ¢ whenever M > M..

Proof. Set 7 = 1; then

2n + 2 ,
: / limin [ (7' W)/ F(W) dr

= f(M)/f(M) =g(1) <

+2
T liminf E(W)/ (W f(W)).

2
(by Fatou’s lemma) < r

Therefore, for sufficiently large W we have
2n+ 2
LR (W ).

It is obvious that g and g are nondecreasing functions with g(1) = g(1) = 1 and
g(0) = g(0) = 0. Also, one readily verifies that the strict inequality in Hz implies
that both g and g are positive on [0, 1]. Now (ii) follows since

liminf f(6M)/f(M) = g(3) > 0. O

1<e—|—

Remark 2. In case N = 2 (n = 1), Hs obviously implies that there is a positive
number d; < 1 such that d10f (o) < F(0), for all sufficiently large o. Hence,

Definition. For eachn > 1let 0 < §,, < 1 and ¢,, > 0 be numbers such that
onof(o) < F(o) Yo > c,.

Definition. We will use F to denote the function F : [0,00) — [0, 00) defined by
F(u) = min{ f'(v);v > u}.

Lemma 2. (i) There ezists a value so > 0 such that f'(s) > max |1),| for all s > so
and f(s) < f(so) for all s < sq.

(i) There exist arbitrarily large values B such that f'(s) < f/(B) and f(s) <
f(B) for all s < B.

(iii) s71F(s) < ( ) for all s > so, f(B)— B~F(B) > (B/2)F(B/2) and hence
limp_ .o f(B) — B™'F(B) =

(iv) Ggr < 0 on (0, B) pmmded B> sy and k > kp.
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(v) Gpy restricted to [f~1(kf(B)),00) is increasing and has an inverse, Gp;..
G5 (0) is well defined for all o > 0. Let ko be a positive number such that f'(u) >
(ko) for all u > ko and such that f(ko) < kf(B). Then

Gp1(0) < 20+ 3kf(B)/ f'(10) + v/ 20/ [ (50)-
(vi) There exist constants A, > [v2 — 1] and B,(K) such that for 1 <n < K
Mbnf(mB)/f(B) >n VB> B,(K).

The condition \, > [v/2 —1]7" is imposed merely for later convenience.
(vii) If k <1, ¢ > 2, then

Gy (3kBf(B)) < [1+1/A,]¢*B.

Proof. (i) and (ii) are immediate consequences of Ha, while for s > sq (iii) follows
from

F(s)— f(s)s =s[F(s)/s — f(s)] = s x {average of f on [0,s] — f(s)} <0

and

(B/2)f(B/2) ~FB/2) 1 [,
= + 35 B/Qf( )sd

f(B) - B7'F(B) =
> % x {average of f’(s) on [B/2, B}
> (B/2)F(B/2) — o0 as B — .
(iv) follows from
Gpir(s)/s = F(s)/s — kf(B) = average value of f on [0,s] — kf(B)
< average value of f on [0, B] — kf(B)
— F(B)/B - kf(B) < F(B)/B — knf(B) = 0.
Note that G%, (u) = f'(u) > 0on [0, c0) and Gy, attains its (nonpositive) minimum
at f~1(kf(B)). Hence G, is well defined on [0, 00). We also see that
0 := Ge(u) > Celi) + Gl (50)(u — o) + 3Gl () — mo)?

> Gonlro) + (F00) = kF(B) = o) + 5/ (s0)(u = r)*.
This implies that

[(f(*”vo) - f(B)>2 2o GBk(no))T/z i

> |u— Ko +

f (ko) — kf(B)‘

f' (ko) [ (ko) f' (ko)
 f(ko) = kF(B) [ flko) = kf(B)\®  2GEx(ko)]"? ,
WSR-S Ty T K o) ) Flro) ] T V20/f ko)
2(kf(B) — (ko) | [2(kf(B)ro — F(ro))]"? ,
< Ko+ (o) + |: (ko) :| +v/20/f'(Ko)

< ko + 2k f(B)/f' (ko) + v/2kf(B)ko/ f'(r0) + v/20/ ' (ko)
< 2r0 + 3kf(B)/f' (ko) + 20/ f' (ko).
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In order to prove (vi) for n > 1 we first show that g(7) = O(7) near 7 = 0. Let
h(s) = f(s)/s for s > 0. One easily sees that h(s) — oo as s — oo. Choose a
sequence {M;}22; such that h(M;) = max{h(s): 0 < s < M,}; then

F(rMG) /£ (M) = TMiR(r M) [ IMih(My)] < 7

and hence g(7) < 7. It follows that G(7) < 372 and (1) < (n+1)7/(n—1). There
is a By, > 0 such that

F@B)/F(B) > 5£B) [latr ) fB)) > 5

VB > B, .
mt 2 =2

However, since the functions f(7M)/f(M) are monotone in 7 on compact subinter-
vals of (0, 1] and for M sufficiently large, the convergence sup sy {f(7N)/f(N)} —
G(7) as N — oo is uniform. Hence the above inequality can be made to hold simul-
taneously for all > 1 in compact sets. If n = 1, then

nB

s 1) = | [ o) d ) B0/ 55

1 S
> 2 liminf { / (o) dcr/(sf(s)},
§— 00 0
so we may pick B1(K) = B; > 0 arbitrarily and choose A; so that the liminf in the

above inequality exceeds 2/(BiA1m1). To prove (vii) we observe that

(An +1)?

Lo 4

— < .
3¢ BIB) (M +2) < =t Bf(B)
Using (vi) with n = (A, +1)c?/2 > 1

%chBf(B)[l + kO +1)] <

N =

(14+1/0)2BAn6 f <%(/\n + 1)&’3)

IN

F <%(/\n + 1)C2B> :
Rearranging, we get
%chBf(B) < Gpk <%(>\n + 1)023)-
Since (A, +1)c2B/2 > B, we may apply the monotone increasing function Ggi. O

Note. In what follows we will always assume B > sg. Indeed, we will choose B so
large that

By = [THf(B)d — |[[]] = so.
Lemma 3. E'(s) < 0 whenever u/(s) > 0, and £(s) < 0 whenever u'(s) < 0.
Proof. We have
E'(s) = u/(s)u”(s) + fu(s))u'(s) — f(B)u'(s)
- ;1/(8)2 + (f(B)e(s) = (s ,u))u'(s) — f(B)u'(s) <0
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since ||| <1 and ¢ > 0. Also,
E'(s) = u'(s)u"(s) + f(u(s)u'(s))

n

= ——u/(s)* + [f(B)e(s) — ¥(s,u)]u'(s)

< f(Bo)u'(s) < 0.

4A. ESTIMATES ON INTERVALS WHERE THE SOLUTION IS POSITIVE

Suppose that u satisfies equation (1) on (0,1) and that v > 0 on (o, 8) with
u(a) = u(B) = 0. Let us denote w'(8) = —J. By applying the contraction mapping
principle to the map

wr— fTHf(B)p — ¥ (-, w))

and using the fact that B > sg and f(B)¢(r) — ¥(r,u) > f(so), one readily verifies
that there is a unique function up € C[0,1] such that

flus(r)) = f(B)o(r) = ¢(r,up(r)),  0<r<1,
and
B, <up(r) < B.

Lemma 4. Suppose u is a solution of (1) on (0,1), u > 0 on (a, 8) C (0,1) and
u> B on (ag, Bo) C (o, 3). Then

(5) 2(n—1)/2 [ ]
/3 — oy < —F——— max|m, .
0 0 .7-'(B) VN
Proof. Let w = u — B; then

nw’

W'+ == = f(B)¢— f(B +w) — (r. B +w)

or

(=r"w') =" [f(B+w) = f(B)] +r"[f(B) = f(B)¢ + ¢(r, B+ w)],
where the last term in the brackets is nonnegative. We may write f(B + w(r)) —

f(B) = f'(n(r)w(r) > F(n(r))w(r) for some function n(r) > B and consider the
problem

—(7"”“/)/ =7r"F(n)v, v(ag) =0, U’(ao) = w’(ao).

By the Sturm comparison theorem [4], v will achieve its smallest root greater than
ap at a point B > fo. (The proof in [4] extends easily to the case where w
satisfies a differential inequality —(r"w!)’ > r"F(n)w rather than an equality).
Let 0 = (r — ap)/(B1 — @), v(r) = V (o), n(r) = H(c); then V is a principal
eigenfunction for

av

~ o {foa+ (51 - an)al" G} = Nao + (51~ cw)ol" FEH@)Y,

V(0) = V(1) =0,
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with principal eigenvalue A = (31 — ap)?. Using the variational characterization of
this eigenvalue, we have

Jolao + (B1 — ag)o]"V' ()% d
fo 0404'(51—@0) |"F(H(o )) ( )Qdff

(6) e Jo 08V/(0)*do + Jy 0" (1 — a0)"V'(0) do
( ) f nV( )2 do + fo on 51 —ap)"V(0)2do

(ﬂl - 050)2 = inf

max|[7?, fin],

=7 F(B)
where the infimum is taken over all V € C'[0, 1] such that V(0) = V(1) = 0. Since
Bo — ap < 1 — v, we have proved (5). |

Next we need to obtain an estimate on the slope of u in terms of its slope at (.

Definition. Let F; denote the restriction of F' to (0,00), and let G, k > 0,
denote the restriction of F(u) — kf(B)u to [f~1(kf(B)),00) (See the definition
above Lemma 1). Both F;' and G}, are well defined on (0, 00) (see Lemma 2(v)).

Lemma 5. Let u be as in Lemma 4 with u(a) = u(f) = 0 and v/ (8) = —J.
Assume J? < 2F(J%/2B). For sufficiently large B we have:

(i) w has a unique local extremum on (o, B3).

(i) /72 = 2f(B)FT}(572) < w/(a) < (B/a)"J + (ﬁ/a)”\/2f(B)G§i(%kJ2),
where k = (6/7)2"

(i) f—a < B/J+B/\[J2 = 2f(B)F;(J2/2)+(201/2/\/F(B)| max(n, | 7in)-

Proof. We first observe that u” > 0 whenever © < upg and ©’ < 0. This means that
there are points 7, 5 € (o, §), a <y < 3 < 3, such that u(y) > up(y), v'(y) = 0,
u' < 0 on (v,3), and § is the only point in (v, ) where u(3) = up(y). Moreover,

we see that u”(v) = f(B)e(y) — ¢(r,u(v)) — f(u(y)) <0 since u(y) > up(y), and
that |u/(r)| > J on (8, 8). Since up(8) < B we have

(7) s-5<Z

Because u”(r) < 0 whenever «/(r) = 0 and u(r) > up(r), it is not possible for u to
have any local minimum above up. This means that there is a point & < « such
that u(&) = up(a) and u(r) is nondecreasing on (&,7). We want to show that u
is in fact increasing on («, ). This can be done by excluding the possibility that
u/'(rg) = 0 for some ro € (a,v). Suppose rg is the largest such value. Certainly
u(ro) < up(ro) <0, and w'(r) > B on (rg,7). Hence E(rg) > E(y). Using Lemma
2(ii)—(iii), we get

S (ro)? 2 Fu(r)) ~ F(BYu(x) + F(BJu(ro) — F(u(ro))
> F(u()) = f(B)u(v).
But since E(7y) > £(F) we also have

Flu) 2 37 or uty) > P (377).
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so that by Lemma 2(v)
2 110
J* = f(B)F] §J .
Hence we only need to ensure that the right-hand side is positive. But this follows

from F(J?/2f(B)) > £J2. This proves (i) as well as the first inequality in (ii).
Also, since

u'(r) > \/J2 — 2f(B)F;1(%J2) on (a,7),

we see that

8) a—agB/\/J2—2f(B)F;1(§J2).

Combining this with (7) and (6), we obtain (iii).

It remains to prove the second inequality in (ii). We have
) (7)Y = (F(B)6 — )" —r" Fu).
Integrating from « to v, we have

I G RUC TR

v v
+/ 2nr*" L F(u) dr
> =" F(u(v))-

Integrating (10) from « to (3, we have

B B
3= [ e [y ar

> —f(B)B*"u(y) + 7" F (u(v))

(11)

% (g) T2 > Gon(u() = Fu(v)) — kf(B)u(y),

where k = (8/7)?". G5, is well defined and increasing on [0,00), so that we may
write

1 (1
u(y) < Gpp <§kJ2>.
Combining (10) and (11), we have

1

1
_a2nu/(a)2 S 5

B2+ f(B)B* u(y),

so that
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4B. ESTIMATES ON INTERVALS WHERE THE SOLUTION IS NEGATIVE

In this section we will investigate solutions on (0, 1) that are negative on («, )
with u(a) = u(f) = 0, and obtain results like those obtained in the previous section.
Suppose that u has a critical point at v € (a, 3). Then

u”(7) = f(B)e(7) = ¥(v,u()) = f(u(v) = f(B)d = [[¢]| > 0.

Hence there must be a single extremum at some point 7 in («, ), namely a mini-
mum. Since u’ < 0 on («,7) we see that u”(r) > 0 there, and consequently
(12) lu()] < W' (@)|(y — ).
Lemma 6. Suppose u is a solution of (1) on (0,1) and u is negative on (o, 3) with
u(a) =u(B) =0. Then

(

u has a szngle extremum (a mzmmum) in (a, B).

)

(i) {2F V(B + unJ? = f(B))/un)}/? < [u'(a)] < 3(8/a)" .

) B—a < \IJ (J/[ﬁf( )]), where U, € C0,1) with ¥, (0) =
26/(n+1), U,(s) >0 on (0,1) and ¥/ (s) >0 on [0,1).

(iii 0, ¥/ (0) =

Proof. (i) follows from the above discussion. To prove (iii) we first look at the case
n > 1. Integrating the inequality

(r"u) > (f(Be) = f(u))r™ = f(B)r"
with respect to r, dividing by r™, and integrating once more, we obtain
* n—+1
n+1 8 |n-—1 2(n+1)
Hence the right hand side of this inequality must be negative on («, ). This
implies, upon dividing by f(B.)[8 — r]r/(n + 1) and defining p = §/r and k =
(n+1)u'(8)/(f(B+)B), that

n n—1 2 1
(13) 1-r)k +“n_+1 i <“J2r if 1< p<pBla

(r'=" =g — (52 —12).

Define

(n—1)(p+1)
2(u2+u3+...+un)’

Yn(p) =1-
so that inequality (13) becomes
K> (p),  p>1,

or
min(k, 1) > ¥, ().

Note that ¥, (1) = 0, ¥/, () > 0 if u > 1, ¢, maps [1,00) one-to-one onto [0,1),
and if r = « then

f-a f-a
i " a

or, more simply,
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From our definition of ¥,, it follows that

07(0) = B8/, (45 1(0)) = B/45,(1) =26/ (n +1).

Next we consider the case n = 1. Proceeding as before, we obtain

u(r) 2 [ (8)5 = 3H(BF| n -+ 37 ()% = ).

Defining x = 2u/(8)3/f(Bx) and p = 3/r, we have

0> ru(r) > LFBY( - R pt 50—}, =1

Let S.(u) denote the expression in the braces. It is easy to see that Sy(1) =
0, S.(1) <0and S =21 —k)lnp+2—-3x > 0if kK < 2/3, p > 1, while
lim,, o0 Sk(pt) = co. Therefore S, (u) has a unique root (k) on (1, 00) whenever
k < 2/3. Actually the restriction £ < 2/3 can be removed, since if S, has more
than two roots on [1,00) then it must have at least 4 roots (counting multiplicity).
But this implies the existence of a root for S (u) = 2(1 — k)/pu # 0 for k # 1. We
again have

f-a _f[-a

<
8 T o«
and as k — 0 the function S, approaches the increasing function Sy = p?Inpu +
1(1—p?) on [1,00), which has a double root at 1. Hence 8 —a < B[ui (k) —1] — 0
as k — 0. We may define ¥y(s) = S[u1(2s) — 1]. Writing S, () = S(k, 1) and
differentiating S(x, 1) implicitly, we get
dpy 0S/0k  prlnp

o~ 9%/ asjop

since 0S5/ is positive at the root p;. Also we may obtain

:,U_1<.U1("f)_1a

dpr  pPlop L )

_ = —_— = — 1.
de  p?2-—1 2 .

Hence ¥/ (0) = 8. Next we use the energy estimates again: E(vy) > E(f8) =

or, using Hy,

(14) FB)u)] + zunlu()? = Fu(y)) = f(B)u(y) =

This implies that

J?.

N [=

[V f(B)? + unJ? — f(B)]/pn-

But £(a) > &(y) = (U(V)) s0

[/ ()| > {2F((v/F(B)? + pn J? — f(B))/un)}/2.

If J < f(B) we may write

' (a)] > {2F(#2B))]1/2 > J\/ ( )/f

To obtain an upper bound for |u'(c)| we integrate (9) over («, 3):

B
BQ"JQ 1 o™/ ( / f(B)r*™/ dr—i—/ 202" F (u) dr
> 7" f(B)u(v).
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Hence
1/2
/()] < (9) 2 L B - )
a [N
B f(B)? pNJ? 1z
<(2) B (1 e 1>}
3/8\"
=3 (a) J
O
Lemma 7. Let u be as in Lemma 6. Then
—1
(15) f—a> {@ + NN] ,  where J =1u'(B).
Proof. We have 0 < r™(f(B) — f(u)) = (r"v) if « < r < [ <1, so ru/(r) <
8™ (B) or W/ (r) < JB™r~™. If n = 1, then integrating from r to 8 we get —u(r) <

JBIn(B/r). Since f(u) > punyu when u < 0, we have
(ru')" < r[f(B) + pnJBIn(B/r)].

Integrating once again from r to §, we have

' (8) — rd (r) < [f(B) + pvJ B In (5% — %) /2

—uNJﬁ[ Ff— 5r’In ]+“N4J5<52—r2>

1

< 3 {f(B) +unJBIng + %HNJﬁ} (52 _TQ).

Let a < v < 3, where v’ (7) then

0;
[ )+ MNJB]% (B =),

[\DI}—l I

SO
(522 3| 1(B)+ ganT8| > JUE) +uw ]

If n > 1, then, integrating u'(r) < JG"r~" from r to 3,
—u(r) < JBM BT =T /(1 = n),
and since f(u) > pnyu when u < 0 we have
(ru') <r"f(B) + pn B (T = 57 /(n = 1)),
Integrating once again, we get
B (B) — ™ (r) < [f(B) — pnJB"/(n = D)™ — ") /(n + 1)
+unJ BB = r%)[2(n - 1).
Setting r = v, we have
g"J < [f(B) = unJB"/(n = DB =" /(n +1)
+un B (B —4%)/2(n—1)
< F(B)B(B—=7) +pun BB =7)/(n=1),
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so that
B f(B) +unJB/(n—1](B —7)
[f(B)+ pnd/(n—= DB =)

<
<

and
(B =) 2 [f(B)/J +pn/(n—1)]7!
> [f(B)/J + pn]
O

Remark 3. It is easy to see that the function on the right side of this inequality is
decreasing with respect to .J, so that we have —a > 1/,/un for all J. However, the
following lemma shows that when J becomes large we must in fact have § —a > 1.
In particular, the solution to (1) with |u’(1)| large enough will not have any “loops”
below the axis. We will make use of this fact in the proof of the main result.

Let 0(r,u) := ¢(r,u)+ f(u), and let D be a positive number such that 0, (r,u) <
un whenever u < —D.

Lemma 8. Let u be a solution of (1) on R!.

(1) If there exists 0 < o < 8 such that o < 1, u(a) = u(f) = =D, and u < —D
on (o, (), then if n > 1 (resp. n = 1) there exists a number m, > 0, independent
of a, such that 8 > 1 whenever u'(a) < —mu/a (resp. u'(a) < myIn(a)).

(i1) Let w and v be solutions of (1) such that w < —D and v < —D on («, §),
and u(a) = u(B) = v(a) =v(8) = —D. Then u =v.

(iii) There exists a number m.. such that if u is a solution on [0, 1] with uv'(1) <
M, then u < 0 on (0,1) and u(r) — —oco asr | 0.

Proof. Let v =u+ D; then

(") =1"(f(B)¢ — ¥(r,v — D) — f(v - D),
v(a) = v(B) = 0.

Suppose conclusion (i) of the lemma is false. Then there exist solutions {v;}52,
to this problem with v;(o;) = v;(8;) = 0, where 0 < «a; < §; < 1 for all ¢, and
vi(ag)a; — —oo (Vi(a;)In(a;) — oo if n = 1). Let «; denote the point in (ay, 5;)
where v; achieves a minimum. From now on we will assume that any function
defined on [oy, 3;] is extended by defining it to be zero elsewhere, and that the
extension is denoted by the same symbol. It is not difficult to see that the functions
v; must be uniformly bounded, for if this were not so, then, letting w; = v;/||vi|co,
we would have

(r"wl) = r™||v| | f(B)d — 0(r,v; — D)], o <71 < f;.

(16)

However, since 6,,(r,u) < uny whenever u < —D, we can find a § > 0, independent
of v;, such that

[¢]loe = O(r,vi — D) > 0(r,—D) + (un — 0)v;.
This means that

(r"wi) = r"{|loil| X [f(B)d — 0(r, —0) — mi(r)wi(r)},
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where 7;(r) < uy — . Multiplying the above equation by —w;(r) and integrating
from ~; to G;, we have

Bi Bi
uN/ rw? dr < / ™ (wh)? dr
5 v

7 i

Bi Bi
< oI / 1 (B)p — 0(r, D) dr + / Py — SYw? dr.
-

Vi

For i sufficiently large this will be a contradiction. Therefore we may assume
[lvilloo < C for some constant C. This implies that for each ¢ > 0 we have
sup{|v/(r)] : e < r < 34,4 > 1} = ce < oo. The constant c¢. depends only on
€, so the set {v;}3°, is precompact in C'[e, 1] for each 0 < € < 1. Furthermore, we
may assume without loss of generality that v; — v in C?[¢, 1] for each 0 < € < 1.
Since v is a solution of (16) on (0,1) and f(B)e —6(r,—D) > f(B.) > 0, it follows
that v # 0 and v;(1) — v'(1) > 0. Next, let z; = v;/v}(1); then z; — v/v'(1) in
Cle, 1] for any 0 < € < 1, and

2+ 22l = f(B)e = 0(r,vi = D) =: (7).
The functions F;(r) are of course uniformly bounded and continuous on (0,1]. Let
C1 = sup || Fi||co,
i>1

and let z; = %; + Z;, where 2; is the particular solution that satisfies Z;(c;) =
2l(ay;) = 0. Since

a0 = [ / :(am"ﬂ(a) do dr,

we see that |[2]]|ec < C1 and ||zi]|eo < 2C1. The function #; satisfies the homoge-

neous equation and z;(«;) = 0. We may solve explicitly. Let
Jr) = r2 0 (),
y(r) = r(l_")/QY(n_l)/Q(T) if n is odd,
y(r) = T(l_n)/2J(1_n)/2(7") if n is even,
and let W denote their Wronskian:
W (r) =y(r)j'(r) —y'(r)j(r).
We have
zi(r) = Zi(D[y(eu)i(r) — j(ai)y(T)]/[y(ai)j'(l) — jlad)y’(1)]-

Since |2z{(1)] = |2i(1) — 2/(1)| < 1+ C, we may assume without loss of generality
that {z}(1)}$°, converges to some number fi. However, a;Z'(c;) — —oo. On the
other hand,

o (@) = @ (W (ai) [ Iy(ei)' (1) = @)y (1))
Using Abel’s formula we have W (r) = r~"W (1), so that

i (o) = W(1)5'(1)011_”/@(%)]"(1) — jai)y' (D).
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Using the well-known asymptotic formulas for the Bessel functions Ji(r) =
27Frk JT(k + 1) and Yi(r) ~ —(D(k)2%/7)r=F if k # 0, Yo(r) ~ (2/7)In(r), we
see that
|z’ ()] = O(1) ifn>1
la; In(c;)2 ()| = O(1) if n=1.

This contradicts the hypothesis in (i).
To prove (ii) we let u — v = w. Then

—(r"w')" =r"0(r,u(r) — D) = 0(r,v(r) — D)]
= r"n(r)w(r),
where 1(r) < py — . Multiplying by w and integrating from « to 3, we have
B

B B
,uN/ rmw?dr < / T"(w/)2 dr < (un — 5)/ r"w? dr,

« (0% (0%
so that w = 0. The proof of the third part of the lemma uses the same ideas. If
u'(1) is sufficiently large, then, in view of the fact that F is decreasing on intervals
where v/ > 0, it follows that u must attain a local minimum below —D before
rising to the value 0 at r = 1. Suppose u does not stay below —D; then there
exists 0 < o < < 1 such that u(a) = u(B8) = —D. Carrying out a change
of variables v = u + D as before and using the variational characterization of the
principal eigenvalue, we obtain a contradiction. In this argument D can be replaced
by any larger value, so we see that u(r) must be an increasing function on (0, 3).
If u remains bounded from below, one readily verifies from the fact that (r™u’)’
is bounded that either u(r) — —oco asr | 0 or v/(r) — 0 as r | 0. The second
option leads to a contradiction by applying the Sturm comparison theorem (as in
the proof of Lemma 4) to v := u + D and the solution to

n, I/ n G(T?U_D)_H(T7_D)
—(T’ (p) =r ’U(T‘) (p(T) )

(p(O) = U(O), 90/(0) =0,
where the term in the brackets is replaced by a function 7(r) < uy — 6. Note that
= (") = 1"n(r)o +1"[0(r, —D) — f(B)¢],

where the term in the brackets is negative. Hence ¢ will be zero at some point
1 between zero and the first positive root of v. But this, once again, violates the
variational characterization of the principal eigenvalue, since n(r) < puy — 9. O

5. THE INITIAL VALUE PROBLEM WITH v'(1) = ¢y/Bf(B)

In this section we combine the results from the previous two sections to show
that, given any positive integer K, there are positive numbers Bg and cx such that
any solution of (1) with u(1) = 0, v/(1) = £cx+/Bf(B) has at least K roots on
(0,1) provided B > By . The choice of a large value of B ensures lots of oscillations.
This is precisely what one expects since f/(B) will be large. If we fix B and increase
|u’(1)], the number of roots decreases. This is, of course, also as expected in view
of (15) and Lemma 8 (iii). Hence it will prove important for the order of magnitude
of |u/(1)] not to exceed y/Bf(B) by too much. For technical reasons we also need
to avoid small slopes at 7 = 1. Numerical experiments have shown that for simple
cases such as ¢ = 0, ¢ = 1, small slopes at » = 1 do not have much effect on the
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number of roots in (0,1). However, if ¢ is not constant this is not true anymore,
as can be seen from the following simple example. Let ¢(r) = 1 for » < e and
o(r) =1/f(B) for r > 2e. Let ¢(r,0) =1 for e < r < 1. Then if «/(1) = 0 we must
have v = 0 on [2¢, 1]. However, for large values of |u/(1)| and B there may be many
roots on [2¢, 1].

Lemma 9. Let u be as in Lemma 5 with J = c¢\/Bf(B), ¢ > cog > 2\, a >
ag > 0, where X, is defined in Lemma 2 (vi) . Then the hypotheses of Lemma 5
will be satisfied for sufficiently large B, and

(i)
B—a<c/B/f(B)+ (2 — 2 \e)"V2\/B/f(B)
+207 2 max(m, /un) / f'(B)-
(ii) There exists By > 0 such that

V2,
1- T)\J <|u'(a)] <£2a7"J for all B > By.

Here By depends only on n, f,$,v,co and .

Proof. It follows immediately from the superlinearity of f (and in particular from
Lemma 2(iii)) that the hypotheses of Lemma 5 will be satisfied provided B is
sufficiently large. In that case J? — 2F(B) > (¢* — 2)Bf(B) — oo as B — oo. If
we let € = /2, /¢, then
J2—2f(B)F{!(J?)2) = (1 — €)J* + [e¢®Bf (B) — 2f(B)F{ ' (J?/2)].
The term in the brackets is nonnegative for large B:
9 J? 1 9 9 c?
F(ec*B/2) — > > 551160 Bf(ecB/2) — ?Bf(B)

1
€ BA (ec?/2)f(B) = (¢*/2) Bf (B)

> (2B/2)[*A\, 1 ¢? /2 — 1]f(B) > 0.

>

Therefore,

J? = 2f(B)F1(J%/2) = e(c = /2)) Bf (B)
and Lemma 5(iii) yield (i).
We may therefore conclude that § —a — 0 as B — oco. The above computation
and Lemma 5(ii) also show that

w'(a) > \/1—~/2\,/cJ.

(1
f(B)Gpi (§kJ2> < (A +1/M\,)J
This implies that the upper bound for u'(a)) may be replaced by

<§)nJ{1 — V204 1A}

This quantity in turn may be bounded from above by 2a=".J provided B is chosen
sufficiently large. O

By Lemma 2(vii)



RADIALLY SYMMETRIC SOLUTIONS TO DIRICHLET PROBLEMS 1935

Lemma 10. Let u be as in Lemma 6 with J = ¢y/Bf(B) and ¢c1 > ¢ > \/3un and
B> Po > 0. Then:

(i) limp_oo(f — ) = 0.
(ii) There exists a constant By > 0 such that

20y,

J < | (a)] <3-27" L)
3w < |u'(e)| <

whenever B > By, where By depends only on n, f,¢,v%,c and By.

Proof. (i) follows immediately from Lemmas 6(iii) and 1(ii). Using (i), we can pick
B so large that whenever B > B; then 8 — a < (y/2, so that 3/a < 2, and we
therefore obtain the upper bound in (ii) by using Lemma 6. Let us also assume B
is sufficiently large so that c;uny B/ f(B) < 1 whenever B > B;. In that case

JB? + unT? = f(B) = f(B){ 1+ PunB/F(B) 1}
> f(B)- 5B/ f(B) = 5¢°B,

so that
2

B ’B
' ()? > 2F(c—) > 26,¢°B (—) 3.
(a)” = i) = fguN/uN
Since ¢?/3uy > 1, this last term is larger than
26,¢*Bf(B)/3un = 26,J%/3un,

and we are done. O
Theorem 1. Given 0 < By < 1 and any positive integer K, there exist constants
¢k and Bg = Bg(ck) such that the solutions to (1) with w(1) = 0 and u/(1) =
+exy/Bf(B) have at least K roots in ($y,1) provided B > B .

Proof. Let vy = +/3un and note that vy > 3. Let L be an integer such that
K < 2L and define ¢ = 3%(4/3)"ck. Here ck is picked sufficiently large so that

(17) (1= /2 /e )26, /3un)"'? > yn ek

Next we pick Bg such that

as) . <c\/_Bf(B)> _1-f
"\ Bof(B.) 2L

whenever B > By. We also pick Bk so large that

1 —
(19) 2v/B/9f(B) 4 2"V 2 max(m, /un)/f'(B) < 2Lﬁ0
whenever B > Bp. Let us denote the roots of w by 1 > r; > rg > -+, and let

us first consider the case v/(1) = cx+/Bf(B). From (18) and Lemma 6(iii) we see
that

=y <q,n<cK¢W) S\Pn<c¢m> 16

Bof(Bx) Bof(Bx) 2L
Let w/(r1)/\/Bf(B) := ¢x—1. From Lemma 10 we see that

\ 25n/3uNcK <cg_1<3- 2n—ch.
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Since
3<yn < (1= V2 /ex) (26, /3un) e < (1 —V2/cx) (26, /3un) " ek
<ero1<3-2"teg < 35(4/B0) ek <G,
we may apply Lemma 9(i):
r1—r2 < e V/B/F(B) + (ck_y = V/2h ek 1) /B (B)
+ 20"V max(r, \/iw) / f'(B)
< 2y/BJOJ(B) + 20~/ mas(r, i)/ ['(B) < 5.

Therefore we have exhibited the existence of one complete cycle on [ra, 1], 1 —ry <
(1= Bp)/L. We also may apply Lemma 9(ii) to obtain

3 < yn < (200/3un) 21— V22X /)% < (26, /3un) V2 (1 — V/2A0 fE) Pex
< ex—2 < 3(4/fo)"exc < 37(4/Bo)" e < e
Suppose we have found consecutive roots 7o; < r2;_1 < --- <11 < 1, and suppose
' (ra;)//Bf(B) := cx_z; and
(200 /30 )2 (1 = /200 /0) P exc < cxcaj < 3 (4/ o) ek

Then vy < cx—2; < ¢, so we may apply the above arguments with cx replaced
by crx_2; to show that there exist roots rgjyo < rojp1 < 795 and 1 — ry; <

(144)(1 = Bo)/ L. If we define cx _o(j41) := v (roj+2)/+/Bf(B), then

YN < (260/3uN) ]+1 /2 V2, /) (J+1)/2
<eg_oi+1) < 3J+1(4/ﬁo)n(J+l)CK <ec.

These steps can be repeated until we have shown the existence of roots 1 > r; >
ro > -+ > rop, with 1 —rop, < L(1 — B9)/L =1 — By, so rar, > Bo. The proof for
the case u/(1) = —cx+/Bf(B) proceeds almost identically. |

Remark 4. If we keep B fixed and increase cg, then the distance between consecu-
tive roots will increase and u will lose roots. However, for all roots that remain to
the right of [y the estimates for the slopes are still valid:

(1= V2/ex)'?(26,/3un)?/Bf (B) < u/(ry),
(21) ’u/('f’zj_l) S 3j(4/ﬁo)njCK.

6. THE INITIAL VALUE PROBLEM WITH 4(0) > 0, w/(0) =0

It turns out that proving the existence of solutions with arbitrary numbers of
roots on (0,1) and with «/(0) = 0, u(0) > 0 and u(1) = 0 is particularly tricky,
because one has simultaneously the problems of the singularity at the origin and the
difficulty of controlling the size of the solution when the nonlinearity is superlinear.
We handle this by shooting from the origin (as well as from r = 1). Therefore we
will need to get estimates for solutions of the initial value problem with «(0) > 0,
u'(0) = 0.

A function h € LP[w, 8] will be said to be nondecreasing if after modification
on a set of measure zero we have h(z) < h(y) whenever x < y. We may similarly
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define nonincreasing. If h is nondecreasing, then for any 0 < § < f — a and

al<r<y<pB-4§
1 T+ 1 y+90
—/ h(o)do < —/ h(o) do.
5/, 5 Jy

The converse is also true; if the above inequality holds for all 0 < § < 8 — a and
all @ < x <y < B — 9 then h is nondecreasing. We therefore easily deduce the
following result.

Lemma 11. Let {h;}2, C LP[a, 8], with h; nondecreasing for each i. Suppose
h; — h weakly in LP[a, 5]. Then h is also nondecreasing. Moreover, h;(x) — h(x)
on the set of points where h is continuous (modulo a set of measure zero).

Proof. First we modify the functions h; so that h;(z) < h;(y) for all x <y and all
1. We have

1 z 1 z+0
_/ hi(o)do < hi(x) < —/ hi(o) do.
d z—0 1) z
Hence
1 xT
h(z —0) < 5 h(o)do <liminf h;(z) < limsup h;(z)

5 71— 00 i—00
1 x4+
< —/ h(o)do < h(z +9).
0 Ju
Since ¢ is arbitrary, we have the desired convergence at each point of continuity. [

Remark 5. Note that the conclusion of Lemma 11 is of course still valid if we replace
h; by h; + e;, where h; is nondecreasing and e; — 0 uniformly.

Lemma 12. Let g : (0,00) — (0,00) be a nondecreasing function and Q(s) :=
Jy alo)do. Let U € Wiloc(RN) NC(RN), N > 2, be a radially symmetric solution
of

—AU = q(U)

with U(0) = 1, and suppose 2NQ(c) > (N — 2)q(o)o for all o € (0,1], with strict
inequality on a set of positive measure. Then U is zero on the sphere OBr(0) for
some 0 < R.

Proof. Suppose U > 0 in RY. Let u(|z|) = U(x), so that u”(r) + nu/(r)/r =
—q(u) < 0 and u(0) = 1, ¥/(0) = 0, u(r) > 0 for all » > 0. This implies that
u/(r) <0 and lim,_ . u(r) = 0. Hence, for each § > 0 there is an r5 > 0 such that
u(rs) =8 and r5 — oo as 6 — 0. Let us := u — ¢; then

/

=—q(0+us) in (0,rs),
us(0) =0, us(rs) = 0.

We may apply Pohozaev’s identity [6], since the restriction in [6] that ¢ be continu-
ous is not essential—all that is needed is that ¢(u) be integrable, which is certainly
the case here because g(u(r)) is monotone. Pohozaev’s identity yields

AMQN@W+5%%%®%%N—%ﬂw+ﬁWﬂﬁﬁﬂ”ﬁ=Mﬁﬂ?
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If we now let 6 — oo the left side will go to a positive limit and the right to zero,
so we get a contradiction. O

Consider the equation
—(why + 2w)y) = glr,wn(r), 0<r<1,
wy(0) =M, =M +D,  why(0)=0,

where g(r,w) := f(w + D) — f(B)¢(r) + &(r,w + D) for w > 0 and g(r,w) :=

g(r,0) for w < 0. Let us change variables: s = \/~(M,)/M,r, where v(M,) =

o inf< 1g(r, M) and where we will consider only the set of values M such that M, =

M + D exceeds some fixed positive value M., > B. Let vps(s) := M 1wy (r); then

oy + 2oy = () g (VLA (L), Mevni (s) )

The two equations for up; and vy, may be rewritten as Volterra equations. In case
N > 2,ie,n > 1, we have

’LUM(’I”) = M* —

: 1 /OT”U — (o/r)" g(o, wm (o)) do,

n —

oni(s) =1— — /Osau—w/s)”—lMM*)-lg( M. /(L) M.vus(0) ) do

up(r) = My — /OTaln(r/cr)g(a, up (o)) do,

op(s)=1-— /OS aln(s/a)’y(M*)_lg(\/WU, M*UM(O')) do.

Let us first consider the case n > 1. Since

el = - [ (0/3)" /(M) g (VAL A (L), Mo (o) do

we have

, ST L B
o) < [ (/9 [1 - f(B)/f(M**)] o

Let C, denote the quantity in the brackets; then |v),(s)| < Cys/(n+1) < C./(n+1).
Also we have

o(VALAOL)s Maon(s)) e, (2n+1)C
< 4 < )

1
RUSUE ~v(M,) n+1~ n+1

By the Arzela-Ascoli theorem, {vy : M > M.} is a precompact set in C1[0,1].
Therefore we may pick a sequence {vps, } such that M; — oo and vy, — v in
C'10,1]. We may furthermore require that this sequence converges pointwise to
limsup,,;_, ., va(s) for all s € @ N[0, 1], and also (using Lemma 11) that the uni-
formly bounded sequence (/M. (v(M;s)s, Micvps, (8))/v(M;.) converges weakly
and pointwise almost everywhere to a function I' € L»[0,1]. Note that v'(s) < 0
and that I' is nonincreasing. Let o be any point in [0,1); then there exists a
unique s € (0,1] such that v(s) = 0. Modify " on a set of measure zero so that
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I'(s1) < T'(s2) whenever s; < sy. Define g(o) = I'(s) so that g(v(s) = I'(s), g is

nondecreasing and V (z) := v(|z|) € W3, .(R"Y) is a weak solution to the problem

AV +§(V) =0.
We see that g(u) < g(u) < g(u), so that

2n—|—2~()_2n+2 2n + 2

u
+
G(u) : §(o) do > G(u) > g(w)u > §lu)u,
TG ) = 2 [l do > 226 > e >
with strict inequality on a set of positive measure. But by the previous lemma this
implies the existence of a positive number Ry such that v(Rgp) = 0. Let sg € QN

(Ro, 1]; then was(so) < 0 for all sufficiently large M, and hence u(y/ M. /v(M.)Ro)
< 0. We have proven:

Lemma 13. Let vy be a radially symmetric solution of —Avy = g(|z],var) in
RN with vp(0) = M, M > B. Let ry be the smallest positive number such that

vapr(rar) = =D (if var > 0 in RN we set ryy = o). Then there exist positive
constants c1, co and My such that

(23) v < e/ M/ f(M) VM > M,

(24) wyy(rar) < —con/ M. (M) YM > M.

The proof of (24) is an immediate consequence of the definition of vps. The proof
for the case N = 2 proceeds similarly.

Remark 6. Pohozaev’s identity was also used to tell us that cg := v}, (rp) > 0.

7. AN OVERDETERMINED BOUNDARY VALUE PROBLEM

The hypotheses H; and H4 imply that there exists a positive number D such
that f'(u) < puny whenever u < —D. In this section we consider the problem
nw
(25) w%+ TB :f(B)¢—1/)(T7wB)—f(wB) = _g(var)v
(26) wp(0) =M >0, wp(0)=0, wp(y)=-D, wp(y)=0,

where 0 < v < 1. We expect solutions only if M and = are chosen in a special way.

Definition. Let i denote the principal eigenvalue for the problem
—(s"w") = As"w(s), 1<s<l,
p(3)=0, ¢1)=0.

Let wg be a solution of (25) such that wp(0) = M and w3(0) = 0. Let v denote
the smallest positive value of r where wg + D attains a negative local minimum.
Once B is fixed, we know from Lemma 13 that wp + D will attain negative values
provided M is chosen sufficiently large. It will be convenient to make the following
adjustment of the value of D (if needed): let w, denote the solution of (25) with
initial conditions w.(0) = B, w}(0) = 0. If need be, increase the value of D
so that —D < ming<,<3 w«(r). This means there must be a smallest value of
M, denoted Mp, such that wp attains a local minimum of —D at some point
vB : wp(yp) = —D,wx(yg) = 0. It should be noted that wp cannot have any
local maximum below up (hence below B.), so that wp crosses the r-axis only
once on (0,v5). This is important since we need to keep control of the number of
roots.
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Definition. vp = min,>p, /2 f'(0). We assume B is chosen large enough so that
vp > ||¢||- For sufficiently large B we of course have vg = f/(B./2).

Lemma 14. Suppose up is the solution of (25)—(26) corresponding to the smallest
possible value of M, denoted Mp. We have

_ 1/2
o7 (14 2D/B.) dun H .
@7) ”Bg{max{ ve Tl 75— 110a]

In particular,
li =0.
gim, 73

Proof. Let Bp be the unique number such that up(6p) = B., with up decreasing
on [Bp,vs]. Let up be the function that is defined as

MB(T) = [g(wB(T),T) - g(B*ﬂ")/['LUB(T) — B*] if wB(r) 75 B*7
gu(B*aT) if wB(r) = B,.

Let s =r/fp and vp(s) := up(Bps) — By; then

—(s"vp) = 51235nMB(5BS)UB,
v5(0) = 0, vp(1) = 0.

Using the variational characterization of the principal eigenvalue, we obtain
1 1
G2 = inf/ 5"’ (s)? ds// s"up(Bps)v(s)? ds,
0 0
where the infimum is taken over all v € C1[0, 1] that satisfy v(1) = 0. Therefore,

8% < pn/ min pp(Bes).

We may find arbitrarily large B such that f/(o) > f/(B.) whenever ¢ > B,. Then

o <y fuo/(aip £ = o)

If vp < 20p, then

75 < \/4MN/<Sn>lgl £() = Il )
otherwise we make another change of variables: s = r/vp, vg(s) = up(yps) — Bsx,
op = fBp/VB:
—(s™) =35 "up(yps)vp if op <s<1,
vp(op) =0, vp(1) = 0.

Let

Cp = min s(o).
—DgagB*M()
0<r<1
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Once again, using the variational characterization of the principal eigenvalue we
have, since op < 1/2,

1 1
7% = inf / 5" (s)? ds// s"up(yps)v(s)? ds
oB oB

1 1
< C’];linf/ 5"’ (s)? ds// s"v(s)?ds = i/Cp.
1/2 1/2
If B./2 < o < B,, then

l9(o,7) = 9(Bo,1)] /o = B.] = v — Il
while if —D < o < B, /2, then

l9(9,7) = 9(Bo,r))/ (0 = B2) = 3l — Wl 1B / (B2 + D),
and hence

v — |[$ul|
> -2 el
Cp 2 1+2D/B,

and

i(1+2D/B.)
ve = |[ull

Remark 7. Note that this estimate is independent of M.

8. PROOF OF THE MAIN RESULT

Let K be an arbitrary positive integer. By Theorem 1 we may choose ¢ and B
sufficiently large so that the solution u with u/(1) = ¢/ Bf(B) has at least K +1

roots, {r; jK;il, I1>rm>r> - >rgp > % Moreover, we will pick the sign so
that u is negative on the interval (rx11,7x). Let u. denote the solution to (1) with
ul(1) = (¢/c)u'(1), ¢ > ¢. As we increase ¢, u, will have to lose roots by virtue of
Lemma 8. The loss of roots as we increase ¢ can happen in three ways: 1) two or
more roots merge at some point in (0, 1); 2) two or more roots merge at the origin;
3) a root tends to zero while the next larger root stays away from the origin. The
first possibility is excluded by Remark 4. Lemma 7 precludes the roots rx; and
rix from merging at the origin (although the consecutive roots between which u
is positive may merge at the origin). Hence there must exist a value ¢, > ¢ such
that u. has K + 1 roots in (0,1) if ¢, > ¢ > ¢ but u., has only K roots in (0, 1).
We will show that u, is precisely the solution we are looking for: it has K roots in
(0,1), u«(0) < 0 and w,(0) = 0. To prove this, we transform the equation to the
form (3,): s = r'™", w.(r) = U(s), U'(1) = Fey/Bf(B)/(n —1). Let us denote
1-n

r; " =sj,j=12,..., K+ 1. Integrating (3,), we have

U'(s) =U'(sk) + > / [h5(0,U(0)) — o2 "= £(U(0))] do,

(TL— 1) SK

hp(o,U) == [f(B)p(c™ /D) — (o= =D U (g))]o—2/ (1),
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Of course U depends continuously on c¢. We write sx = sk (c). Since B > s (see
Lemma 2 (i)), one easily verifies that U” > 0 on (sk,Sk+1). Thus there exists
a unique minimum at ox € (sk,sk+1) and U'(ox) = 0, and ok also depends
continuously on ¢, ox = ox(c). Let ¢ increase to c.. Since sk (c) stays bounded,
we may find a sequence ¢; T ¢, such that sx(c;) — sk and ox(c;) — o}, where
o7 is either finite or +00. We will use U; to denote the solution to (3,,) with initial

condition F¢;/Bf(B)/(n —1). Then

, 1 K(Ci)
0= Ui(SK(Ci)) + m lK(Ci) hB(O', Ul(CT))) do

L [ oo o)

- oMY £(U;(0)) do.
(n - 1)2 sk (ci)

The first integrand is absolutely integrable on [0, 00) and is in fact dominated by

an absolutely integrable function cst x o=2"/(»=1) Hence, as ¢; T ¢, the integral

will converge to

ﬁ / jK his(o, Us(0)) do,

where U, is the solution with U.(1) = Fec.\/Bf(B)/(n—1).

Of course, U/(sk) — UL(s} ) since the |U/(sk(c;))|’s are uniformly bounded on
bounded intervals. This also implies that the set of functions {U;} is uniformly
bounded from below by a linear function:

(28) 0> Us(o) > —Ci[o — C)
where C1 = sup; |U/(sk(¢;))| and Ca = inf; sk (¢;). This implies
_f(U(U))U—2n/(n—1) < unCilo — 02]0—211/(11—1)7

so that we may apply Lebesgue’s dominated convergence theorem to deduce that
the second integral converges and

0="U(sk) + ;/ " ha(0,U.(0)) — o>/ V f(U.(0))] do.
(n—1)2 S

If we define u.(r) = U.(s) then u, is a solution of (1). Let us show that o}, = cc.

If not, then U,(0) would be positive for ¢ > ¢}, so that U, would have another

root beyond s%, a contradiction. We still need to verify that U, is bounded. Since

we may write

Ui(s) = ﬁ /Oo[hB(O’a U(0)) — o2/ "=1 f(UL(0))] do,
we have
U.(s) = /* U.(s")ds

— 1) / //OO[hB(r, U.(0)) — 02 =D (U, ()] dor d.

We need to show that the last integrand is absolutely integrable on the region
{(0,8") : 0 > s’ > s%}. The term hp offers no problem, since |hg| = O(c 2"/ ("=1)),
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To handle the second term we first observe that |U.(o)| < A + Ac€, where € may
be picked arbitrarily small and A = A(e). Since |f(U.)| < pn|Us|, we see that

o2V (U (0)] = O =2/ =D),

so that picking € < 2/(n — 1) shows the second term in the integrand is absolutely
integrable. We have

0 > u4(0) = Uy (c0)

= (1) / (0 = sl (0,U(0)) — 072D KU (0))] dor > —c0.

*
K

The proof of the case n = 1 proceeds very similarly.

Next consider the case n > 1, where the values of B, ¢ and the sign of u/(1) are
chosen so that the solution (1) with slope £¢/Bf(B) at r = 1 has at least K + 1
roots on (1/2,1) and u(r) < 0 on (rg,rx—1). We will denote this solution by w,.
We will also consider the solutions vys to

(r"vag) = r"[f(B)g — ¥ (r,on) — flom)],
v (0) = M, v (0) =0,

and pick B so large that the leftmost negative minimum is less than —D and occurs
on [0,1/2) (see Lemma 14 and Remark 7). Let M denote the smallest value of M
such that the leftmost local minimum of v, is less than —D for all M’ > M. For
M > M let the two leftmost roots of vas + D be denoted by (M) and p(M), where
0 < (M) < p(M). Next, pick M so large that p(M) — (M) > 1. That this is
possible follows from Lemma 8(i) and the fact that the location of the root [(M) will
tend to zero while the slope at the first root will increase indefinitely in magnitude
as M increases (by Lemma 13). Note that p(M) — (M) — 0 as M — M, so that
we may define p(M) = (M) by continuity. Define
w= inf p(M).
MMM

Of course, p > 0. Next we consider the solutions u. to (1) with slope u/(1) =
(¢/c)ul(1). Once ¢ and B have been picked we may increase B further so as to
ensure that the local minimum of Ue, ¢ > ¢, that lies between rx and rx_1 is
less than —D. To see this, we first note that increasing B can be accomplished
without decreasing the number of roots between 1/2 and 1. This follows from
Lemma 9(i) and equation (18). Since, for ¢ > ¢, u, will attain a minimum value
less than —D between rg and rg_1, there must be unique values L(c) and R(c),
rk < L(c) < R(c) < rx—1, where u.(L(c)) = uc.(R(c)) = —D. Moreover, there
exists a value ¢, sufficiently large so that L(¢) < p. To see this, we use the first
half of the proof. As ¢ increases, it must approach a value ¢, at which the root rg
is lost. On compact sets in (0, 1] the solution will approach wu,, the solution with
u’,(0) = 0 and u,(0) negative.

COMPLETE ARGUMENT THAT sg — 0 as ¢ — o0.

Since u, — u, uniformly on compact sets in (0,1], it is necessary for L(c) — 0
as ¢ | ¢.. Hence, there must indeed exist a value ¢ such that L(¢) < p/2. Finally,
let

®:Q=:[c,c x[M,M| — R?
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be the map defined by
®(c, M) = (I(M) — L(c), p(M) — I(M) + L(c) — R(c)).
We easily see that ®(c, M) points outward on 9Q, and therefore, by virtue of the
homotopy invariance of the topological degree, we have
deg(®, Q,0) = deg(id, Q,0) =1,

so that ® attains the value (0,0) someplace in Q. That is to say, there exist values
o, My such that both vz, and u., satisfy equation (1) with boundary conditions
Ueo (o) = Vg, (0) = —D, e, (Bo) = vag,(Bo) = —D, where ag = L(cg) = 1(Mo)
and By = R(co) = p(Mp). Also both u., and vy, are less than —D on (g, o),
so we may apply Lemma 8(ii) to conclude that u., = vpz,. This means we have
proved the first two parts of the following theorem.

Theorem 2. Suppose Hi—H, are satisfied and K is any nonnegative integer. There
erists a constant By such that whenever B > By, then

(i) For each integer 0 < k < K equation (1) + (2) has a solution ul™) with
u(_)(O) < 0, and having precisely k roots in (0,1).

(ii) For each integer 1 < k < K problem (1) + (2) has a solution u,(:) with

u,(:)(()) > 0, and having precisely k roots in (0,1).

(iii) For sufficiently large B there is no positive solution u for problem (1) + (2)
with v'(0) = 0, u(1) = 0.

Proof. We only need to prove (iii). To accomplish this, we need a more careful
estimate for positive solutions than that obtained in Lemma 5(iii). In particular,
we need to improve the estimate (8). Let w be a positive solution of (1) with
u(1) = 0, u/(1) < 0. Let B« be the largest values in (0,1) where u(r) = B,. We
have @ < a, < B < 1. On [B, 1] we have (we will only prove the case n > 1)

(') (') = [f(B)p — ¢ — f(u)r*"u’

< [f(B.) = f(w)] B2,

Integrating from r to 1, we have
2n

(20) w0 = 2( %) B - P + w0
Since F'(u)/u is increasing, we have F(u)/u < F(B.)/B, if 0 < u < B,, and hence
(30) () < V3 (%)"w&) — F(B)/B) Pu(r) /2.
Integrating once again, this time from [, to 1, we obtain

—2BY% < V2[f(B,) — F(B.)/B.]Y?6.(87"" — 1)/(n— 1)

or

201 _ an—1y2 2B.(n — 1)
B - B S S S R

As B — oo we have B, — o0, so that the right-hand side tends to zero. In view of
(29) we cannot have 3, — 0, since that would not be compatible with «'(r) tending
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to infinity at u=!(o) for each o € (0, B). Hence 3. — 1. Moreover, by (30) we see
that

[/ (B.)] = V2[B.f(B.) = F(B.)]'? — o
as B, — oo by Lemma 2(iii). Indeed, since u — F'(u)/f(u) is increasing on (0, o0)
we see that
(31) [W(8.)] > Cf(B.)

for some constant C' and sufficiently large B,. By Lemma 5(iii) applied to u — B
we see that 0, — a, — 0 as B, — oo. It remains to show that o, — a — 0 as
B, — 0. To see this we proceed as before:

' (r"u') < [f(B) = fu)]ai .
Integrating from 7 to a., we have
3ai"u (an)® = 572"/ (r)? < o2 [f(B)B. — F(B.) + F(u(r)) — f(B)u(r)]

(P > (%)Qnu%a*)? - 2(%)2"[f<B>B* ~ F(B.) + F(ulr)) — f(B)u(r)]

r

r

> <%>2n[02f(&>2 —2f(B)B.).

But limp_.o[C%f(B«)? — 2f(B)B.] = co. Taking the square root of (32) and
integrating, we have

(n —1)B,
= SO (B.F 2 (BB

Oé*_a ﬁ 2 f(B) B* _1/2
= (m)w*/f(B*” [C 25B.) 1(B.)

al—n _ a*l—n

— 0 as B — oo.
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